We investigate a chain of oscillators with anharmonic on-site potentials, with long range interparticle interactions, and coupled both to external and internal stochastic thermal reservoirs of Ornstein-Uhlenbeck type. We develop an integral representation, a la Feynman-Kac, for the correlations and the heat current. We assume the approximation of discrete times in the integral formalism (together with a simplification in a subdominant part of the harmonic interaction) in order to develop a suitable polymer expansion for the model. In the regime of strong anharmonicity, strong harmonic pinning, and for the interparticle interaction with integrable polynomial decay, we prove the convergence of the polymer expansion uniformly in volume (number of sites and time). We also show that the two-point correlation decays in space such as the interparticle interaction. The existence of a convergent polymer expansion is of practical interest: it establishes a rigorous support for a perturbative analysis of the heat flow problem and for the computation of the thermal conductivity in related anharmonic crystals, including those with inhomogeneous potentials and long range interparticle interactions.
I. INTRODUCTION
The derivation of the macroscopic laws of heat transport from the underlying microscopic Hamiltonian models is still a challenge in non-equilibrium statistical mechanics [1] . The microscopic models recurrently used to describe heat flow in solids and crystals are mainly given by lattices of anharmonic oscillators, which leads to problems of considerable mathematical difficulty. Consequently, most of the works on the subject are carried out by means of computer simulations [2] . There are, however, some few mathematical results considering different aspects of the anharmonic heat flow problem: for example, there are rigorous works considering the existence of non-equilibrium stationary state [3] [4] [5] ; the rate of divergence of the thermal conductivity with the system size in Fermi-Pasta-Ulam type models [6] ; the on-set of Fourier's law in lattices with anharmonic on-site potentials [7] ; the finiteness or infiniteness of the thermal conductivity given by a Green-Kubo formula [5, 8] .
In systems with normal heat transport, the establishment of bounds showing the finiteness of the thermal conductivity is already an interesting and intricate problem. However, the derivation of more precise expressions, which seems to be an exceedingly difficult task, is highly desirable, both for fundamental reasons as well as in order to provide useful information about properties of the heat conduction with experimental applications, such as the possibility of thermal rectification, the existence of negative differential thermal resistance, etc.
In the present work, we aim to develop an approach that allows the detailed study of the heat flow and that can be used in the computation of an expression for the thermal conductivity in reasonable approximations of recurrent lattice models of anharmonic oscillators. Namely, we consider the chain of oscillators with anharmonic on-site potentials, nonlocal interparticle interactions and with stochastic baths coupled to each site: a model in which the time evolution is given by a combination of deterministic and stochastic dynamics. We develop an integral representation (a la Feynman-Kac) for the correlation functions, which are related to the heat flow and to the thermal conductivity. To make treatable the analysis, we introduce a discrete time regularization, i.e., an ultraviolet cutoff. To be free of huge subdominant terms and avoid unimportant technical difficulties, we also consider a simplified expression for the subdominant harmonic interaction. For this discrete time and simplified version, we present a suitable polymer (cluster) expansion, and prove its convergence uniformly in volume (arbitrary number of sites and arbitrary times). We consider a system with interparticle interactions beyond nearest neighbor sites: precisely, our approach is also valid for interparticle potentials with integrable polynomial decay. For these systems with long range interactions, we show that the two-point correlation function, which is directly related to the heat current and the thermal conductivity, decays in space such as the interparticle interaction.
We must emphasize that the existence of a convergent cluster expansion for the model is of practical importance: it allows an accurate perturbative investigation of the heat flow problem in these systems with anharmonic oscillators. That is, it appears as a support for the validity of some theoretical results previously obtained by means of non rigorous perturbative computations, and may provide a precise tool for further investigation of the heat flow problem, even in more intricate systems such as inhomogeneous, graded chains or models with long range interparticle interactions.
We organize this paper as follows. In section II, we introduce the model and develop an integral representation for the correlations, that are directly related to the heat flow. In this integral formalism, we still introduce the time discretization and a simplification for part of the harmonic interaction (simplification that is discussed in appendix A). In section III, we introduce a polymer expansion for the model. We prove the convergence of such polymer expansion in section IV. In section V, we show the convergence for the modified polymer expansion associated to the two-point correlation. Section VI is devoted for final remarks that include concrete examples which make clear the direct application of our results in the detailed computation of the thermal conductivity.
II. THE MODEL AND THE INTEGRAL REPRESENTATION
We describe our anharmonic crystal model. We consider a lattice system with unbounded variables, coupled to both external and internal heat baths of Ornstein-Uhlenbeck type. More precisely, we take a system of N oscillators with Hamiltonian
where q and p are vectors in
, f with some integrable decay (details ahead); P is the anharmonic on-site potential, which we take as P (q j ) = q 4 j /4. For simplicity, we assume the space dimension d = 1. We take the dynamics given by the stochastic differential equations
where B j are independent Brownian motions, with zero average and diffusion equal to 1
ζ j is the constant coupling between site j and its reservoir; γ j = 2ζ j m j T j , where T j is the temperature of the j-th bath.
To study the heat flow, we first define the energy of a single oscillator
where 
2 (with adjustments in M j , the pinning constant, coefficient of q 2 j ); U describes the on-site potentials above. Thus, we have
F j→ gives the heat current from site j to the forward sites ℓ > j; F →j gives the current from the previous sites ℓ < j. R j denotes the energy flux between the j-th site and the j-th reservoir. These models with internal stochastic reservoirs are recurrent, and have been considered in several works [5, [9] [10] [11] , usually with the self-consistent condition, which means that the temperatures of the internal reservoirs are chosen such that there is no net energy flux between these internal baths and the system in the steady state, i.e., lim t→∞ R j (t) = 0, for j = 2, 3, . . . , N − 1. In other words, in the stationary state with the self-consistent condition we get a heat current across the system supplied only by the external baths at the boundaries with different temperatures. The existence of a steady state in the system with the self-consistent condition (that is, the existence of this suitable choice of internal temperatures) is proven in Ref. [12] and Ref. [5] , for the harmonic and anharmonic cases, respectively. In the present paper, we assume that the temperatures T 1 , T 2 , . . . , T N −1 , T N are arbitrarily given, chosen from a set with lower bound, i.e., there is T min such that T min ≤ T 1 , T 2 , . . . , T N , for all N . In the Final Remarks section, we recall some physical problems that consider the self-consistent condition.
To proceed, we take the particle masses m j = 1 for simplicity. We also introduce the phase-space vector ϕ = (q, p) ∈ R 2N , and write the dynamics (2) as
where A = A 0 + J and σ are 2N × 2N matrices
I is the unit N × N matrix; J is the N × N matrix for the interparticle interactions; M, Γ and T are the diagonal N × N matrices, with positive elements:
B are independent Brownian motions; P ′ (ϕ) is a 2N × 1 matrix with P ′ (ϕ) j = 0 for j = 1, . . . , N and . Throughout the paper, we will omit obvious sums over repeated indices.
As described above (6, 7), the heat flux across the chain is given in terms of two-point functions. Thus, to obtain a mechanism to study heat conduction, we develop an integral representation for the correlation functions, in which a rigorous control is possible (after adjustments such as time discretization) by using standard methods of field theory and equilibrium statistical physics, namely, polymer expansions.
We start the construction of the integral formalism with the solution of the linear (λ = 0) and decoupled (J ≡ 0) dynamical system. We have Lemma 1. The solution φ(t) of Eq.(9) with λ = 0, J ≡ 0 is the Ornstein-Uhlenbeck Gaussian process
where, for the case of φ(0) = 0, the covariance of the process evolves as
Proof. Exercise of stochastic differential equations (see e.g. Ref. [13] ).
We recall that these solutions may be realized as continues trajectories. Moreover, it follows that Lemma 2.
and, for any α such that 0 < α < min 
Proof. See Ref. [12] for the proof of Eq. (15) and Ref. [10] for Eq.(16).
It is worth to remark that, for the harmonic and decoupled system (i.e., with λ = J = 0), each site j is isolated from the other sites and coupled to a single bath at temperature T j . Then, the expected steady distribution (as t → ∞) is the related Boltzmann-Gibbs measure, given by the Gaussian measure with measure dµ C , with the convariance described by Eq. (15) , in which each site has the temperature T j of the bath coupled to it. Now we use the Girsanov theorem to describe a representation for the correlation functions of ϕ(t), the solution for the complete process (9) . We will construct an integral representation for a system with N sites and with time running from 0 to T. Later, after the time discretization, we will obtain bounds, valid for all N and T, leading to the convergence of the associated polymer expansion. Theorem 1. For the correlation functions (6) (7) (8) of the crystal chain with reservoirs at each site (1-3), we have the integral representation given by
with
where φ is the solution (given by lemma 1) of the process with J ≡ 0, λ = 0, and ϕ is the solution for the complete process (9) ; the covariance C is given by equations (13) and (14).
Proof. Girsanov theorem (see e.g. theorem 8.6.8 in Ref. [13] ) gives a measure µ * for the new process ϕ in terms of the measure µ C associated to previous Ornstein-Uhlenbeck process φ with J ≡ 0 and λ = 0. Precisely, for any measurable set A, it follows that µ * (A) = E 0 (1 A Z(T)), where E 0 is the expectation of µ C , 1 A is the characteristic function, and
The inner products above are in R 2N . Note that, following our previous index convention, u i is nonzero only for i ∈ {N + 1, N + 2, . . . , 2N }. To apply the Girsanov theorem we must show that Z(t) is a martingale with respect to the σ-algebra generated by φ(t) and µ C . To show it, we define the Itô process
with u as previously defined. Then, Z(t) = exp[X(t)] is also an Itô process and
As φ admits a continuum realization, it follows that Z(t) is bounded and uZ is square-integrable, i.e.,
And so, it follows that Z(t) is a martingale (see e.g. corollary 3.2.6 in Ref. [13] ).
To conclude, we note that
and, finally, we write u 2 in terms of φ, see Eq. (18), to obtain the expression as claimed in the theorem.
The detailed study of the integral representation above, given by a complicate anharmonic perturbation of a Gaussian measure, seems to be exceedingly difficult. And so, to carry out the rigorous investigation, we try to rewrite the integral representation as an expression in which a more appropriate measure may be considered. But, to establish such new representation, some simplification is necessary. In other words, we propose to follow the investigation in an approximated version of the original problem, derived from the previous formalism as follows (version in which, such strategy of considering a suitable non Gaussian measure is possible).
First, we make an important modification: we introduce an ultraviolet cutoff in the time integral; precisely, we assume discrete times t = ε, 2ε, . . . , T. Second, to avoid unimportant technical difficulties and huge expressions for some subdominant terms (easily controlled in the forthcoming polymer expansion), we simplify the expression for the covariance C associated to the previous Gaussian process φ, given by Eqs. (13, 14) . Precisely, we replace the Gaussian measure in the integral representation with such covariance C by its main part
where N is the normalization; −∆ is the discrete Laplacian, −∆(t, s) = 2δ t,s − δ |t−s|,1 ; and c 1 = O(1/α) is a small parameter: we assume large α ≡ ζ/2, and still take a strong pinning M = 3α 2 . Details in Appendix A, where we show that this new covariance describes, indeed, the main part of the original Gaussian measure.
From the study of chains of oscillators, it is well known that Fourier's law holds in the harmonic system with internal self-consistent reservoirs [10] , but it does not hold anymore if these internal reservoirs are turned off [14] . The scenario is different for the chain with anharmonic on-site potentials: one expects that Fourier's law will be obeyed even without the internal baths. As it is away from our present skill to prove it, to proceed we ignore the possibility of different coupling constants with the internal or external reservoirs and take the same ζ j = ζ for all sites.
Hence, with discrete times and with the simplification of the harmonic covariance, the representation for the correlations (17), e.g. for the two-point function, becomes
moreover, taking ε = 1/ζ for simplification, we obtain
where, as previously established, s, s
; the denominator N above is the numerator with φ u1 = φ u2 = 1, and it was introduced to keep normalized the measure exp{. . .} dφ k (s): the original measure given by Z(τ )dµ C , which appears before the changes due to time discretization and the simplification of the harmonic part, is normalized.
The main technical achievement of the integral discrete time representation above is that now, as we aimed, a mathematical investigation starting from suitable measures (non Gaussian distributions) will be possible, allowing a profitable perturbative analysis. The polymer expansion, described in the next section, makes it clear.
III. THE POLYMER EXPANSION
We now develop a specific polymer expansion [15, 16] , suitable for our problem. The existence of a convergent polymer expansion for our present system will allow us to obtain the precise decay of the correlation functions, that is of crucial importance for the study of heat flow in a system with interparticle interactions beyond nearest-neighbor sites [17] . More importantly, a convergent polymer expansion establishes a rigorous support for a perturbative approach for the heat flow investigation.
We first consider the partition function Z Λ , that is, the denominator of the two-point function above (19) (i.e. the numerator with φ u1 = φ u2 = 1), and rewrite it in terms of polymers. But, instead of an usual single spin distribution, we take as local distributions the measures associated to "cells" of ψ x , where ψ x = (q x , p x ), with q x = λ 1/3 φ x (x 0 ) and
As the local measure, we define (for
and
To be precise, i.e., to take care of details for the sites at the ends, for x 0 = ε and x 0 = T we define
Hence, see Eq. (19) , the partition function Z Λ is given by
where, C Λ ≡ x∈Λ C x , and
xy q x q y = εγ
xy q x q y = 2εγ
xy p x p y = −εγ
We remark that, for clearness in the forthcoming manipulation with polymers, a new notation was introduced above: we replaced the previous time and index notations t, i, j, . . . for (x 0 , x) ≡ x; x 0 for time, and x for space. When necessary, we will also split the parts of ψ as q and p. Note that our basic "cell" to be used in the polymer expansion involves ψ x , in which q and p are in the same site (i.e., in the same space position x), but they are nearest neighbors in time.
We rewrite the partition function as
where R 1 , . . . R n ⊂ Λ is a collection of subsets of Λ with cardinality greater than 1, with associated activities ρ(R) given by
where g∈GR is the sum over the connected graphs on the set R. Given a finite set A, we define a graph g in A as a collection
The pairs γ i are called links of the graph. We denote by |g| the number of links in g.
From the standard polymer theory [15, 16] , it follows that we can expand log Ξ Λ as
where G n above denotes the set of the connected graphs on {1, . . . , n}, and g(R 1 , . . . , R n ) denotes the graph in {1, 2, . . . , n} which has the link {i, j} if and only if
The connection between the polymer expansion and a perturbative series is clear from the expressions (24, 25, 27) above. To make it explicit and transparent, note that if we write G xy as βG xy , then ρ = O(β) (it involves exp[βG xy − 1]), and the polymer expansions above give us a power series in β.
A sufficient condition for the convergence of the polymer series (27) , uniformly in Λ, is given by the well known result due to Kotecký and Preiss:
where E a does not depend on Λ.
Proof. See Refs. [18] [19] [20] .
In relation to the two-point correlation (19), we can rewrite it as
withΞ
For any R ⊂ Λ, we denote by I R the subset (possibly empty) of {1, 2} such that i ∈ I R iff x i ∈ R, where i = 1, 2. We have
(e Gxy(ψx,ψy) − 1),
It is important to note that the one-body polymers R = {x} can also contribute to the partition function (32), but only if x = x i for some i ∈ {1, 2}.
If we take the log of (32) and note that only the terms proportional to α 1 α 2 give a non vanishing contribution to the two-point truncated correlation function, we obtain
whereρ x k . Due to the fact that R 1 , . . . , R n must be connected, the one-body polymers are absorbed in the activity of the many body polymers in the terms proportional to l above. And so, each 1-body polymer (if any) is always contained in, at least, one many-body polymer.
IV. CONVERGENCE OF THE POLYMER EXPANSION
We will describe, in detail, the case in which the interparticle potential J x, y has an integrable polynomial decay (cases with exponential decay or with finite range can be treated in a similar, but easier, way). Precisely, we assume here that, for x = y,
where J, J ′ are real constants and p ≥ 1 + ǫ with ǫ > 0. In what follows, we assume the regime of large dissipation, that means ζ large (and so, large α = ζ/2 and large harmonic pinning constant M = 3α
2 , see appendix A), and, more importantly, we also assume the regime of large anharmonicity, i.e., at the end we take λ as large as necessary.
Our strategy is to prove that the Koteský-Preiss's condition (28) is satisfied by our specific polymer expansion. But, before carrying out any computation, in order to control the exaggerated number of graphs that appears in the expression for the activity ρ(R), we recall an important and well known result (to be used ahead), namely, the Brydges-Battle-Federbush tree graph inequality: Lemma 4. Let R be a finite set with cardinality |R| and let {V xy : {x, y} ⊂ R} be a set with |R|(|R| − 1)/2 real numbers (precisely, {x, y} are unordered pairs in R). Suppose that there exist |R| positive numbers V x (with x ∈ R) such that, for any subset S ⊂ R, 
Then g∈GR {x,y}∈g e −Vxy − 1 ≤ e x∈R Vx τ ∈TR {x,y}∈τ
where T R denotes the set of the tree graphs on R.
Proof. See Refs. [19, 21] .
To ensure the Koteský-Preiss's condition (28), we will bound the factor
and show that ε n (z,
By using the bound γ −1
Hence,
And so, {x,y}⊂R
where P(q x , p x ) is a polynomial of degree 4 in q x and 2 in p x , and it is bounded from below. Hence, there are constants C 1 , C 2 and C 3 depending on ε, λ, J, M, γ such that
. By using the Brydges-Battle-Federbush tree graph inequality, we get Recall now that |τ | = n − 1. Hence, fixing τ ∈ T n , we have
where {s ij } {i,j}∈τ is a sequence of possible choices of s's (from 1 to 6), for each line {i, j} ∈ τ . The exponents n k (s) and m k (s) depend on such sequence, and depend also on the exponents a s and b s of q xi and p xi in each G (s)
xy . In any case, we have the bounds 0
are the incidence indices of the tree τ ∈ T n , with 1 ≤ d k ≤ n − 1 and
where K 1 , ..., K 5 , are constants such that, ∀q, p ∈ R,
Proof. We have
It also follows that
4 . From the definition of the s.s.d., we have
And so,
where the last inequality comes from 2 √ πΓ 7 6 ≈ 3.3 > 1. We still have
And the lemma's proof follows from these two bounds.
Using the fact that for large x, y, e.g. x, y > 1, there exists a constant c, such that Γ(x)Γ(y) ≤ cΓ(x + y − 1), it follows that
for a positive constant K 6 , chosen to take care of possible small values of x, y in Γ(x)Γ(y).
Using this with the lemma, we obtain
where we used
We note that for any τ ∈ T n , there is a unique pathτ in τ which joins vertex 1 to vertex 2.
Fixing 
xixj | = 0 ∀s = 1, . . . , (c + 1), and so, this tree τ does not contribute to the sum (48). Then, given | (
0 |> ε, and so, τ does not contribute to (48). Asτ ⊂ τ we have n − 1 ≥ k + 1. Therefore, any tree τ ∈ T n such that | (x 1 ) 0 − (x 2 ) 0 |> ε(n − 1) ≥ ε(k + 1) does not contribute to (48), in other words,
We define N ′ ≡ max |z0−z ′ 0| ε + 1, 2 , and we have
where we used the notation
and, for w ∈ R, w > 0,
Then, fixing τ ∈ T n and the sequence {s ij }, we get x 1 ,...,xn ∈Λ:
x ir =x iq ∀r,q=1,...,k {i,j}∈τ
x ir =x iq ∀r,q=1,...,k
Applying iteratively the inequality (for w 1 < w 2 )
which follows from
(the formula is valid for any w 1 < w 2 , in specific for w 1 = 2/3 and w 2 = 1, which we will take here), we get x 1 ,...,xn ∈Λ:
Recall that
where the notation τ ≈ (d 1 , . . . , d n ) means that the last sum above runs over the trees τ ∈ T n that have fixed incidence indices (d 1 , . . . , d n ) . From the Cayley formula
and, fixing τ ∈ T n , we have {i,j}∈τ
Hence, using (49), we get
where we used the inequality
where N * = N ′ − 1 and
In short, we have proved the following result.
. . , A 6 } is sufficiently small, then,
K is a positive function and, for any z ∈ Λ, z ′ ∈ Λ with z = z
From the lemma 6, we obtain Corollary 1.
Proof. In fact, as ρ(R) = 0 if |R| = 1, we have
since, for w > 0,
and so z∈Z d+1 :z =x F (2/3) xz
≤ O(1).
The results above establish the convergence of the cluster expansion for ε(K) small enough such that cO(1)ε(K) < 1, i.e., for ζ, M and, mainly, λ large. See lemma 3 and Eqs. (24, 25) .
V. DECAY OF TWO-POINT CORRELATION
As it is well known, the convergence of the cluster expansion assures the decay of the correlation functions and lead to direct estimates. We present the main technical details related to the behavior of the truncated two-point function below.
Turning to the expressioñ
which definesρ(R i ), with β j i = 0 if i = i j , or 1 if i = i j , l q = qdν(ψ) and l p = pdν(ψ), we note that the index i of the term β j i is the same of the polymer R i , and so i ∈ {1, 2, 3, . . . , n} as j ∈ {1, 2}. Consider the expression (34) for S 2 (x 1 ; x 2 ), and recall that i 1 , i 2 ∈ {1, 2, 3, . . . , n}. Then, we have two distinct cases:
where
since, in D 1 (x 1 , x 2 ) when n = 1 we have 1 i1,i2=1 (1 − δ i1,i2 ) = 0 and, for any n > 2 the sum n i1,i2=1 (1 − δ i1,i2 ) leads to n(n − 1) equal terms. And, in D 2 (x 1 , x 2 ) the sum n i1,i2=1 δ i1,i2 gives n equal terms. Thus, Thus,
Using now the obvious bound
and denoting again asτ the subtree of τ which is the unique path joining vertex 1 to vertex 2, and denoting as I τ = {1, i 1 , . . . , i k , 2} the ordered set of the vertices ofτ , one can easily check that
since |R| n ≤ n!e |R| . Now, note that
Hence, recalling Eq.(58) and applying iteratively the inequality (51) with w 1 = 1/2 and w 2 = 2/3,
Thus, using the corollary 1 and noting that |{1, ..., n}\I τ | = n − k − 2,
Finally, carrying out the sum over τ (and using, once again, the Cayley formula) we obtain
Taking K small enough to make 4O(1)ε(K) < 1, for the contribution of D 1 to the correlations, we get the following bound:
In a similar and much easier way one can also prove a completely analogous bound for
where, since ε(K) < 1, we write above
It is important to remark that the existence of a convergent polymer expansion, such as that presented above, allows us to obtain also a lower bound for the correlations. Roughly, if we write the polymer series as a main term plus corrections, we get the upper bound; and the lower bound is given by the main term minus corrections, see Ref. [23] .
In short, the results of this section may be summarized as follows.
Theorem 2. The two-point function S 2 (x; y) (19) of the anharmonic chain of oscillators with discrete times, written as a polymer expansion (34), converges absolutely and uniformly in the volume |Λ| (number of sites N and time T), for ζ, M, λ large enough. Moreover, S 2 (x; y) has the upper bound
And a similar lower bound follows, with other properly chosen parameters C ′′ and m ′′ .
A short note is appropriate here. As described above, the decay in space of the two-point function S 2 is polynomial, and follows the decay of the interparticle interaction J j,ℓ .
An investigation about the precise rate for the exponential decay in time of S 2 (something between m ′ and m ′′ ) may be possible by using standard technique of constructive field theory related to spectral analysis [16] , but it is beyond the aim of the present work. See e.g. Refs. [24, 25] for examples of detailed study of the two and fourpoint correlations decay in time, via such an approach, in the stochastic Ginzburg-Landau model (a system with nonconservative dynamics).
VI. FINAL REMARKS
We conclude with some comments and remarks, including some concrete examples that make more transparent the direct application of our approach and results to the derivation of the heat flow and thermal conductivity properties.
First, as example of the trustworthiness of the perturbative analysis within the integral formalism, we recall that, when restricted to the case of harmonic chain of oscillators with the self-consistent condition, perturbative computations within our integral representation, with continue time and without simplification in the quadratic term (see Ref. [11] ), reproduces the well known result that is described in Ref. [10] , there obtained by a completely different method.
As a concrete example relating our approach and results with the computation of the thermal conductivity in the anharmonic case, we recall the work presented in Ref. [26] . There, within a similar integral representation with the time discretization and with the approximation of quadratic part, a first order perturbative computation (in powers of the interparticle potential) of the two-point function in the steady state (T → ∞) and further simple manipulations lead to a thermal conductivity given by K ≈ cJ 2 /[λ 4/3 T 4/3 ], where T is the average temperature in a chain submitted to a small temperature gradient, λ and J are the coefficients of the anharmonic and harmonic potentials, respectively. The computation is carried out for a system with weak interparticle interaction between nearest neighbor sites (small J), strong anharmonic quartic on-site potential (large λ) and in the self-consistent condition. The convergence of the polymer expansion, proved in the present paper, shows that such previous naive perturbative analysis is indeed correct: precisely, the computation considering the first order in J corresponds to the polymer expansion dominant part. We emphasize the interest of such result. For the case of a strong anharmonic on-site potential, the effects of the internal reservoirs become less important, and one expects a system with behavior close to that observed in a chain with thermal baths only at the boundaries. Exhaustive computer simulations have been already carried out for these anharmonic chains with quartic potential and thermal baths only at the ends, and they give a thermal conductivity K ≈ 1/T 1,35 [27] , essentially the same result obtained by the perturbative computation within our approach. The behavior of the two-point function for a system with interparticle interaction with polynomial decay, what is proved here, allows us to establish the heat flow between different sites in a chain with interparticle interaction beyond nearest-neighbor sites. That is a problem of physical interest: for example, in a recent work [17] , one of the authors and a collaborator, by assuming the heat flow behavior (correlation decay in space), which is proved in the present paper, show that the existence of interparticle interactions beyond nearest neighbors may increase by thousand times the thermal rectification in a graded chain, and may also avoid the decay of such rectification with the system size, which are important properties for the theoretical study and even experimental fabrication of thermal diodes.
To conclude, we believe that, even though within an effective model (anharmonic chain of oscillators with inner stochastic reservoirs) and an approximation in the integral representation (discrete times), the approach and results presented here may be of great utility in the qualitative understanding of the heat flow properties in high anharmonic systems. In particular, the existence of a convergent polymer expansion making possible a perturbative investigation is of usefulness in the study of systems with long range interaction, and also in the analysis of inhomogeneous and asymmetric models, which appear in the phenomenon of thermal rectification.
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Appendix A: On the used approximations
As an argument, beyond the technical reasons already mentioned, to support the study of the system with time regularization (i.e., without short times), we recall that most of the physical research problems related to similar models involve questions about properties of the steady state, reached as T → ∞. Moreover, from numerical studies of similar dynamical problems carried out by physicists [28] , lower frequencies seem to dominate the transport on a large scale (the scale of the whole chain). That is, it seems that the time regularization does not spoil the main features of the original problem, related to heat flow properties in the steady state.
In relation to the other approximation assumed in the present paper, namely, the modified covariance (18), we show below that it is, indeed, the main part to the original harmonic interaction.
The expressions for the covariance are given by Eqs. (13, 14) . First, we note that the replacement of C(t, t) by C ≡ C(∞, ∞) does not change the steady heat current for the harmonic case, as shown in Ref. [11] . And so, we study the covariance with such a replacement. 
where τ = t − s, α = ζ/2, ρ = α 2 − M 1/2 ; and a similar expression given by the transposed matrix follows for negative τ , see Ref. [10] . To proceed, we may introduce the discrete times and study the Fourier transformĈ * (p 0 ), where 
Then, with the inverse Fourier transform ofĈ * −1 (p 0 ), we obtain an expression (but huge and unclear) for D −1 . Instead of that, we propose the use of an approximated expression (but with the main part of C), derived as described below.
